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ABSTRACT
We propose two approximat ion algorithms for ident ifying
communit ies in dynamic social networks. Communit ies are
intuit ively characterized asÒunusually densely knitÓsubsets
of a social network. This not ion becomes more problem-
at ic if the social interact ions change over t ime. Aggregat -
ing social networks over t ime can radically misrepresent the
exist ing and changing community st ructure. Recent ly, we
have proposed an opt imizat ion-based framework for model-
ing dynamic community st ructure. Also, we have proposed
an algorithm for Þnding such st ructure based on maximum
weight bipart ite matching. In this paper, we analyze it s per-
formance guarantee for a special case where all actors can be
observed at all t imes. In such instances, we show that the
algorithm is a small constant factor approximat ion of the
opt imum. We use a similar idea to design an approxima-
t ion algorithm for the general case where some individuals
are possibly unobserved at t imes, and to show that the ap-
proximat ion factor increases twofold but remains a constant
regardless of the input size. This is the Þrst algorithm for
inferring communit ies in dynamic networks with a provable
approximat ion guarantee. We demonst rate the general al-
gorithm on real data sets. The results conÞrm the e! ciency
and e" ect iveness of the algorithm in ident ifying dynamic
communit ies.

Categories and Subject Descriptors: F.2.0 [Analysis of
Algorithms and Problem Complexity]: General

General Terms: Algorithms.

Keywords: Dynamic Social Networks, Community Ident i-
Þcat ion, Approximat ion Algorithms.

1. INTRODUCTION
Social networksare graphs represent ing interact ionsamong

individuals and have been widely used as the abst ract ion of
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choice in various social studies of human and animal pop-
ulat ions. Edges can represent social interact ions, organiza-
t ional st ructures, physical proximity, or even more abst ract
interact ions such as hyperlinksor similarity. Social networks
have at t racted a large amount of at tent ion from epidemiol-
ogists [25, 29, 31], sociologists [5, 32, 38], ecologists (animal
behavior) [8, 7, 12, 33, 36], the intelligence community (ter-
rorism networks) [3, 27, 28], and more recent ly also from
computer scient ists [1, 14, 18, 21, 22, 23, 26], to name some.
While social creatures interact in diverse ways, some of the
interact ions are accidental while others are a consequence of
the underlying explicit or implicit social st ructures. One of
the most important quest ions in sociology is the ident iÞca-
t ion of such st ructures, or Òcommunit iesÓ, which are loosely
deÞned as collect ions of individuals who interact unusually
frequent ly [17, 16, 20, 22, 30, 38]. The ident iÞcat ion of com-
munit ies often reveals interest ing propert ies shared by the
members, such as common hobbies, social funct ions, occupa-
t ions, etc. In a more general set t ing, including hyperlinked
documents such as the WWW, these propert ies include re-
lated topics or common viewpoints, which has led to a large
amount of research on ident ifying communit ies in the web
graph or similar set t ings [19, 26].

In analyzing social networks one property, unt il recent ly,
has largely been ignored: interact ions change over t ime.
When faced with dynamic social networks, most studies ei-
ther analyze a snapshot of a single point in t ime, or an aggre-
gat ion of all interact ions over a possibly large t ime window.
Both approaches may miss important tendencies of these
dynamic networks; indeed, the ongoing change of a network
and its possible causes may be among the most interest -
ing propert ies to observe. The necessity to delve into the
dynamic aspects of networking behavior may be clear, yet
it would not be feasible without the data to support such
explicit ly dynamic analysis. Rapidly growing elect ronic net -
works, such as emails, the Web, blogs, and friendship sites,
as well as mobile sensor networks on cars and animals, pro-
vide an abundance of dynamic social network data that for
the Þrst t ime allow the temporal component to be explicit ly
addressed in network analysis.

Recent ly, Berger-Wolf and Saia [4] proposed a framework
for ident ifying communit ies in dynamic social networks, mak-
ing explicit use of temporal changes. Most communit ies tend
to evolve gradually over t ime [2], as opposed to assembling
or disbanding spontaneously. Thus, whenever temporal in-
format ion about events in the social network is available,
it is desirable to use this informat ion in order to ident ify
not only communit ies with high int ra-community similarity,



but also observe their persistence and development in t ime.
In [35] Sun et al. propose a clustering approach based on
minimizing compressed descript ion of the dynamic network.
Such clusters may be considered to be dynamic communi-
t ies. In [37] we have proposed the Þrst formal framework
for ident ifying communit ies in dynamic networks. We for-
malized the problem of dynamic community ident iÞcat ion,
proved that it is NP-complete and APX-hard, and proposed
several pract ical heurist ics.

In this paper, we show that , under the assumpt ion of no
missing data, one of the algorithms presented in [37] is a
small constant factor approximat ion. We use a similar idea
to design an approximat ion algorithm for the general set t ing
with possible missing data. We show that the approximat ion
rat io remains constant , albeit increases twofold. This is the
Þrst approximat ion algorithm with provable performance
guarantee for ident ifying dynamic communit ies. While the
theoret ic analysis provides an upper bound on the worst case
performance of the approximat ion algorithm, we show that
in pract ice the algorithm performs very well, producing a
solut ion close to the opt imum. We improve the solut ion in
pract ice (though not theoret ically) even further by applying
the Dynamic Programming approach in the second stage
of the algorithm. We evaluate the pract ical performance
of our algorithm on several real world dynamic networks,
spanning a wide range of parameters and sizes. The algo-
rithm performs consistent ly well, demonst rat ing that it is a
viable pract ical approach to inferring dynamic communit ies,
including in networks of several thousand nodes.

2. PRELIMINARIES

2.1 Notations and DeÞnitions
We model social interact ions as graphs over nodes rep-

resent ing individuals. To model dynamic interact ions, we
use the model of [37] which follows and slight ly extends the
approach of Berger-Wolf and Saia [4] and that of a! liat ion
networks [38, Sect ion 8].

Let I = { 1, 2, . . . , n} denotetheset of individualsand T =
{ 1, 2, . . . , T } denote the set of discrete t ime steps. Let H =
!H1, H2, . . . , HT " be an interact ion sequence of n individuals
over T ti mes where Ht = { gt,j} is the collect ion of groups
of the individuals observed at t ime t. The interpretat ion is
that the individuals in group gt,j are observed interact ing
among themselves at t ime t. Such a group may correspond
to a physical or virtual gathering of it s members, such as a
commit tee meet ing or writ ing a joint paper.

We st ress that , in our terminology, groups and communi-
t ies are not the same: groups capture only a snapshot of in-
teract ion at one point in t ime, while communit ies are latent
concepts which should explain many of the actual observed
interact ions, though not necessarily all of them.

Last ly, we use colors to ident ify communit ies. For each
t ime t, a community interpretation of the snapshot Ht is
a coloring χt : Ht # I $ N of the groups and individuals.
Groups of the same color represent the same community.
The color of an individual indicates with which community
it is a! liated at the t ime. Note that χt assigns a color to
all individuals, both observed and unobserved at t ime t. In
this way, we can determine whether it is possible for an indi-
vidual to retain it s a! liat ion during the unobserved t imes.
A community interpretat ion [37] of the ent ire interact ion
sequence H is a set of colorings χ = {χt} of all Ht.

2.2 Problem Formulation
In general, we formulate the problem of ident ifying dy-

namic communit ies asa class of opt imizat ion problems: Given
an interact ion sequence H , Þnd an opt imal community in-
terpretat ion χ of H with respect to some measure of good-
ness. One way to deÞne goodness of a community interpre-
tat ion is to consider the social costs that individuals incur in
the course of interact ions. These social costs are, for exam-
ple, switching a community a! liat ion (and thus, possibly,
loosing friends or social status), visiting a community with
which one is not a! liated (and feeling uncomfortable, out
of place, or without supporters), and being absent from a
group represent ing oneÕs community (and possibly missing
important community informat ion or opportunity). For a
societyÕs history of interact ions, we aim to ident ify the most
parsimonious underlying communit ies. The inferred com-
munity st ructure should explain as many of the observed
interact ions as possible. Stated conversely, we seek the com-
munity st ructure that minimizes those interact ions consid-
ered to be among individuals in separate communit ies and,
thus, minimizes the overall social costs of switching, visit ing,
and absence incurred by individuals.

In formulat ing the problem, in addit ion to this philosoph-
ical view of dynamic communit ies, we make some technical
assumpt ions (discussed fully in [37]). We assume that the
groups at each t ime are pairwise disjoint . In other words,
each snapshot of interact ions Ht is a part it ion of the ob-
served subset of I . We also consider only the community
interpretat ions that regard groups at each t ime as dist inct
communit ies (otherwise, the individuals in di" erent groups
would be interact ing together as one group). In [37], we
formalized this view of Þnding a good community interpre-
tat ion as theMinimum Community Interpretation prob-
lem. Given the value of the costs of switching α % 0, being
absent β1 % 0, and visiting β2 % 0, the object ive is to mini-
mize the sum of switching, absence, and visit costs incurred
by all individuals, as well as the number of colors that each
individual has. We just iÞed and validated this deÞnit ion on
several data sets. We proved that Minimum Community
Interpretation problem is NP-complete and APX-hard.
In this paper, we generalize the problem by dropping the
number of colors from the object ive funct ion and leaving
just the sum of the three social costs. I t is easy to verify
that the problem remains NP-complete and APX-hard.

To formally state the problem, we const ruct a cost graph
whose verti ces are to be colored. I t is a graph G = (V, E)
with V = V1 # ááá# VT where Vt is the set of vert ices cor-
responding to the groups and individuals at t ime t. Specif-
ically, in each t ime t the set Vt contains vert ices gt,j for all
groups gt,j & Ht and vert ices it for all individuals i & I .

There are three kinds of edges corresponding to the three
social costs: E = Eα # Eβ1 # Eβ2 .

1. Eα contains switching edges (it, it+1), corresponding
to the events of the individual i switching it s commu-
nity a! liat ion between t imes t and t + 1.

2. Eβ1 contains absence edges (it, g) for all i & I and
g & Ht such that i /& g, corresponding to individual i
being absent from group g.

3. Eβ2 contains visit edges (it, g) for all i & I and g & Ht

such that i & g, corresponding to i visit ing group g.

The induced subgraph G[Vt] of the cost graph within t ime
step t is essent ially a complete bipart ite graph where there



are absence and visit edges between the group vert ices and
the individual vert ices. Note there can be at most one visit
edge incident on each individual vertex since we assume that
groups within each t ime step are pairwise disjoint . Figure 1
shows an example of an interact ion sequence and the corre-
sponding cost graph representat ion, with a coloring showing
the social costs in the set t ing according to the interpretat ion.
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Figure 1: An example of an interaction sequence
(left) and the corresponding cost graph (right). In
the interaction sequence, each row corresponds to
a time step, with time going from top to bottom.
Each rectangle represents an observed group and
the circles within are the member individuals. The
circles outside the rectangles are the unobserved in-
dividuals. Similarly, in the cost graph, the squares
are group vertices and the circles are individual ver-
tices. Not all edges that incur cost are drawn for
visibility. The coloring shows the costs of switching
(α), absence (β1), and visiting (β2).

For a coloring χ, let χuv be the indicator variable which
equals to 1 if the vert ices u and v have the same color and 0
otherwise. Since we assume that groups within a t ime step
are manifestat ions of dist inct communit ies, we say that a
coloring χ is valid if it assigns dist inct colors to the groups
in each t ime step t = 1, . . . , T . We deÞne the cost c(χ) of a
valid coloring χ as the total cost incurred by all the switches,
absences, and visit s:

c(χ) = α
X

uv∈E!

(1' χuv)+ β1

X

uv∈E" 1

χuv+ β2

X

uv∈E" 2

(1' χuv).

The Minimum Community Interpretation problem is,
given an interact ion sequence H and costs α, β1, β2 % 0,
to Þnd a minimum cost valid coloring of the corresponding
cost graph.

3. APPROXIMATION ALGORITHMS
As we have noted, the Minimum Community Interpre-

tation problem is NP-complete. In this sect ion, we present
two approximat ion algorithms: the Þrst solves a special case
of the problem and the other solves the general problem.
Both algorithm produce a solut ion within a constant fac-
tor of the opt imum, regardless of the input size. Generally,
for a minimizat ion problem, a ρ-approximat ion algorithm is
an algorithm which, on all instances of the problem, always
produces in polynomial t ime a solut ion which is at most ρ
t imes of the opt imal solut ion.

The idea for the algorithm is to deal with one type of
cost at a t ime. Note, that for the opt imizat ion it is not the

absolute but the relat ive values of the costs which are im-
portant . I f the switching cost α is much higher than either β
(e.g, death for bet rayal) then individuals will never switch
the color from that of the start ing community and would
prefer to incur the absence and the visit costs. On the other
hand, if the absences and visit s are much more expensive
than a switch (e.g., a customer membership program) then
individuals would rather switch their a! liat ion when nec-
essary. In this case, we would like to Þnd a community
interpretat ion which minimizes the number of switches. We
begin by considering a special case with the assumpt ion that
every individual is observed at all t imes. Under this assump-
t ion, we present an algorithm based on maximum weight bi-
part ite matching and show that it is a ρ1-approximat ion
where ρ1 = α/min {α, β2/2} = max { 1, 2α/β2} . In Sec-
t ion 3.3, we consider the general problem where some in-
dividuals might be unobserved at some point in t ime. We
present another algorithm based on minimum weight path
cover problem and show that it is a ρ2-approximat ion where
ρ2 = 2α/ min {α, β1, β2/2} = max { 2, 2α/β1, 4α/β2} .

3.1 Group Graph
To design the algorithm we use another auxiliary graph.

The group graph of an interact ion sequence H is a directed
acyclic graph D = (V, E). The intuit ion is that the group
graph represents how the individuals flow from one group
to another over t ime. Given an interact ion sequence H , we
create the group graph as follows.

For a technical reason, we add dummy groups as follows.
For each (real) group g observed at t ime t % 2, let g′ ( g be
the individuals in g who are observed for the Þrst t ime in g
I f g′ is not empty, then we add a dummy group g′ at t ime
1. Similarly, for each (real) group g observed at t ime t ) T ,
let g′ ( g now be the individuals in g who are observed for
the last t ime in g. I f g′ is not empty, then we add a dummy
group g′ at t ime T . When all individuals are observed at all
t imes, there are no dummy groups.

Next , we create a vertex g & V for every real or dummy
group g. We create edges going out from each vertex g & V
as follows. For each individual i & g, we Þnd the next group
h containing i such that i does not appear in any other
groups in between. I f the edge (g, h) has not been created,
we create it and set it s label to be λ(g, h) = { i} . I f there
already is an edge (g, h), we update it s label to λ(g, h) # { i} .
Finally, we set the edge weight to be w(g, h) = |λ(g, h)|.
Intuit ively, the set λ(g, h) contains the individuals that flow
along the edge (g, h) and the edge weight w(g, h) signiÞes
the amount of the ßow. From now on, we use the words
groups and the vert ices of the group graph interchangeably.
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Figure 2: The group graph
that corresponds to the inter-
action sequence and the cost
graph in Figure 1. The edges
are labeled with the individ-
uals in λ(g, h). There are no
dummy vertices since every
individual is observed at the
first and the last times.

Given an interact ion sequence H , it s corresponding group
graph D can be created in polynomial t ime by the follow-



ing simple algorithm. We note that the algorithm runs in
# (Tk2) t ime. This cannot be improved since it is possible
that w(gi, gj ) > 0 for every i < j.

Algorithm 1 CreateGroupGraph

Require: interact ion sequence H .
1: g1, . . . , gk * the real and dummy groups in H in increas-

ing order of t ime, breaking t ies arbit rarily.
2: V * { g1, . . . , gk} , E * +
3: for i = 1, . . . , k ' 1 do
4: A * gi

5: for j = i + 1, . . . , k do
6: if gj , A -= + then
7: E * E # { (gi, gj)}
8: w(gi, gj) * |A , gj |
9: A * A \ gj

10: end if
11: end for
12: end for
13: return D = (V, E)

We note the similarity between the group graph and the
meta-group graph by Berger-Wolf and Saia [4]. In part ic-
ular, the group graph is a t ransit ive reduct ion (or Hasse
diagram) of the meta-group graph.

3.2 Approximation via Bipar tite Matching
In this sect ion, we assume that all individuals are observed

at all t ime steps. The algorithm for ident ifying communit ies
in dynamic networks was Þrst presented without analysis
in [37] and is as follows.

Algorithm 2 MatchingCommunities (MC)

Require: An interact ion sequence H .
1: D = (V, E) * undirected version of the group graph of

H , dropping edge orientat ions.
2: for t ime t = 1, . . . , T ' 1 do
3: Gt * bipart ite subgraph of D induced by Vt # Vt+1

where Vt is the set of groups at t ime t.
4: M∗

t * maximum weight matching on Gt.
5: end for
6: D′ = (V, E′) * the group graph D with the edge set

replaced by the matched edges E′ = # T−1
t=1 M∗

t .
7: Color (the groups in) each connected component of D′

by a dist inct color.
8: Color each individual at each t ime step by thesame color

as the group in which it was observed so that all groups
are monochromat ic.

The heart of the above algorithm is Þnding a maximum
weight matching on bipart ite graphs, which can be done
e! cient ly, in part icular, in polynomial t ime [24]. Coloring
the groups according to the matching can be done in t ime
linear in |V | and |E|. Coloring the individuals can be done
in t ime linear in n and T . Thus, the overall t ime of the
Algorithm MC is bounded by the t ime of Þnding a maximum
weight matching on bipart ite graphs.

3.2.1 Performance Analysis
Recall that , to show that an algorithm isa ρ-approximat ion

for a minimizat ion problem we need to give two bounds.
For any input , we would like an upper bound U on the cost

c(S) of a solut ion S produced by the algorithm, and a lower
bound L on the cost c(S∗) of the opt imal solut ion S∗. I f
U/L ) ρ, then we have that c(S)

c(S∗) ) U
L ) ρ, and the algo-

rithm is a ρ-approximat ion.
We Þrst give an upper bound on the cost of a coloring

produced by Algorithm MC. Then, we give a lower bound
on the cost of an opt imal coloring. For any set of edges M ,
we write w(M ) =

P
e∈M w(e) to denote it s total weight .

Proposition 1. Let H be an interaction sequence with
all individuals present at all times. Let M∗

1 , . . . , M∗
T−1 be

the matchings that produces a coloring χ of H in Algorithm
MC. Then, the cost of χ is

c(χ) = α
T−1X

t=1

(n ' w(M∗
t )).

Proof. We note that Algorithm MC colors the groups
and individuals such that all groups are monochromat ic.
Thus, the result ing coloring χ does not have any absence
or visit costs, and has only the switching costs. Consider
each t ime t ) T ' 1. The individuals who incur switching
costs are those whose groups at t imes t and t + 1 are not
matched by M∗

t . Since there are n' w(M∗
t ) such individuals,

the proposit ion holds.

Now, we give a lower bound on the cost of an opt imal
coloring by giving a lower bound on the cost of any valid
coloring of H .

Lemma 2. Let H be an interaction sequence with all in-
dividuals present at all times. Let χ be a valid coloring
of H with cost c(χ). Let G1, . . . , GT−1 be as in Algorithm
MC. Let µ1 = min

ù
α, β2

2

ø
for convenience. Then, there ex-

ist matchings M1, . . . , MT−1 on G1, . . . , GT−1, respectively,
such that

c(χ) % µ1

T−1X

t=1

(n ' w(Mt)). (1)

Proof. For any valid coloring χ, let ct(χ) denote the
cost that χ incurs between t imes t and t + 1. Since there
are no absence costs, this can include three possible types of
costs: one for switching color between t and t + 1 and two
for visit ing other communit ies at t ime t or t + 1. We claim
that , for a valid coloring χ and t ime t ) T ' 1, there exists
a matching Mt on Gt such that

ct(χ) % µ1(n ' w(Mt)). (2)

Let Mt be the matching containing all the edges whose
end points (groups) are colored the same in χ. This is well-
deÞned since, for any color a of χ, there can be at most one
group from each t ime colored a, since χ is a valid coloring.
Thus, a vertex in Vt is matched to at most one vertex in
Vt+1 and vice versa.

Now, we consider each edge (g, h) of Gt unmatched by
Mt. Since groups g and h have di" erent colors in χ, each
individual i & g , h must incur at least µ1. This is so since
if i switches colors, then i incurs α. Otherwise, i must visit
g or h (or both) and, thus, incurs β2 which is at least β2

2 .
The reason for the half factor is that , for each visit ing cost
at t ime t, we might count it twice: once in ct−1 and once in
ct. Thus i incurs at least µ1. Since there are n ' w(Mt) in-
dividuals whose groups are unmatched, inequality (2) holds
as claimed. Since we count every cost no more than once,
c(χ) %

P T−1
i=1 ct(χ). Now, the lemma follows.



Now we show approximat ion factor of the Algorithm MC.

Theorem 3. For convenience, let

µ1 = min
!
α,

β2

2

"
, ρ1 =

α
µ1

= max
!

1,
2α
β2

"
.

Given an interaction sequence H with all individuals present
at all times, Algorithm MC produces, in polynomial time, a
coloring with cost at most ρ1 times of the optimal.

Proof. Let χ∗ be an opt imal coloring of H . Let M =
{ Mt} be the set of matchings as in Lemma 2. For con-
venience, let øw(M ) =

P T−1
t=1 (n ' w(Mt)) (and thus, by

Lemma 2, µ1 øw(M ) ) c(χ∗)). Let χ be thecoloring produced
by Algorithm MC. Let Mχ = { Mχ

t } be the set of matchings
used in producing χ and øw(Mχ) =

P T−1
t=1 (n ' w(Mχ

t )). We
observe that ,

µ1 á øw(Mχ) ) µ1 á øw(M ) ) c(χ∗) ) c(χ) = α á øw(M ).

The Þrst inequality holds since Mχ
t are of maximum weight ,

the second follows from Lemma 2, and the third follows from
the opt imality of χ∗. The last equality holds by Proposi-

t ion 1. Since,
c(χ∗)
c(χ)

)
α
µ1

= ρ1, the theorem follows.

I f α % β2
2 , then ρ1 = 1 and the algorithm always pro-

duces an opt imal coloring. Note, that it is st raight forward
to convert Algorithm MC into a st reaming algorithm, since
we only need to store the groups at the latest t ime and their
color while using space that is constant in n and T .

3.3 Approximation via Path Cover
In the previous sect ion we made an assumpt ion that all

individuals are observed at all t ime steps. This assump-
t ion does not always hold for real data. In this sect ion,
we consider the general case of the problem in which some
individuals might be unobserved at t imes. We present a ρ2-
approximat ion algorithm for the general case and analyze
it s performance guarantee. Before describing the algorithm,
we recall the deÞnit ion of a path cover of a graph.

3.3.1 Path Cover Problem
In a directed graph D = (V, E), a directed path is a se-

quence of dist inct vert ices P = v1, . . . , vk such that (vi, vi+1)
is an edge of D for every i = 1, 2, . . . , k ' 1. Two directed
paths P1 and P2 are vertex-disjoint if they share no vert ices.
A path cover P on D is a set of pairwise vertex-disjoint
paths [10] in which every vertex lies on (covered by) exactly
one path in P . The Minimum Path Cover problem is to
Þnd a path cover with the minimum number of paths. The
decision version of the problem on general graphs is NP-
complete [15]. However, on directed acyclic graphs (DAGs),
the problem can be solved in polynomial t ime via a reduc-
t ion to the matching problem in bipart ite graphs [6].

Equivalent ly, the problem is to Þnd the maximum the
number of edges covered by P . For a weighted directed
graph D = (V, E) with edge weights w(e), the object ive of
the path cover is to maximize the total weight of covered
edges, w(P ) =

P
P∈P

P
e∈P w(e). I t is st raight forward to

extend the solut ion approach to the weighted case.
I t is more convenient to use the minimizat ion version of

the weighted path cover problem, since we deÞne our prob-
lem of ident ifying communit ies as a minimizat ion problem.

We describe the minimum weight path cover problem as fol-
lows. Let W =

P
e∈E w(e) and øw(P ) = W ' w(P ). In other

words, øw(P ) is the total weight of the uncovered edges. By
the deÞnit ion of øw, maximizing w(P ) is equivalent to min-
imizing øw(P ). From now one, let us consider only the un-
covered weight øw(P ) of a path cover P .

3.3.2 Algorithm Description
Now we describe theapproximat ion algorithm. Wereserve

one color ε not to be assigned to any group. Intuit ively,
individuals with color ε are considered to be in theÒmissingÓ
community at the t ime. We refer to ε as the color of absence.

Algorithm 3 PathCoverCommunities (PCC)

Require: An interact ion sequence H .
1: D = (V, E) * CreateGroupGraph(H )
2: P ∗ * minimum weight path cover on D.
3: Color (real groups in) each path P & P ∗ by a dist inct

color.
4: for all edges (g, h) & E do
5: Color the individuals in λ(g, h) from the t ime they

were in g unt il they were in h by the same color as g.
6: end for
7: Color the remaining vert ices by ε.

First , we observe that the algorithm runs in polynomial
t ime. Furthermore, we observe that a coloring χ by Algo-
rithm PCC is valid. I f χ is not valid, then there exist two
groups g, h at some t ime step t to which χ assign the same
color. By const ruct ion, g and h must lie on the same path
P for some P & P. Since every edge in D is oriented from
some t ime t to another t ime t′ > t, any path in D list s it s
group vert ices in st rict ly increasing order of t ime. Thus, g
and h are at di" erent t ime steps, which is a cont radict ion.

3.3.3 Performance Analysis
As before, we Þrst provide an upper bound on the cost of

the solut ion, then a lower bound on the opt imum. Finally
we combine the two bounds to give an approximat ion factor.

Proposition 4. Let P ∗ be a minimum weight path cover
on D with weight øw(P ∗). Let χ be the coloring produced
from P ∗ by Algorithm PCC with cost c(χ). Then,

c(χ) ) 2α á øw(P ∗).

Proof. By const ruct ion, χ incurs only α costs. We con-
sider each edge (g, h) of D uncovered by P ∗ and each indi-
vidual i & λ(g, h) :

¥ I f g, h are consecut ive in t ime, then i incurs a cost α.

¥ I f g, h are not consecut ive in t ime, then i incurs 2α, for
switching to the color of absence ε and switching back.

Thus, each uncovered edge (g, h) incurs a cost of at most
2α áøw(g, h), result ing in the total of at most 2α áøw(P ∗).

To present the lower bound, we use the following notat ion.
Let χ be a Þxed coloring. For each edge (g, h) of D, we
associate with it the sum of the following costs of χ:

¥ α for every individual i & λ(g, h) that switches color
between the t imes i was in g and h.

¥ β1 for every individual i & λ(g, h) absent from group h′

after the t ime i was in g and before i was in h.



¥ β2
2 for every individual i & λ(g, h) that visit s group g.

¥ β2
2 for every individual i & λ(g, h) that visit s group h.

Note that we omit the cost for individual i & λ(g, h) being
absent from some group h′ at the same t ime as from g or h.
A lthough we could add β1

2 , this su! ces for our purposes.
For any subgraph D′ ( D, we deÞnec(χ|D′) to be thesum

of the costs of χ associated with the edges of D′ as described
above. As noted above, since some costs are omit ted,

c(χ) % c(χ|D). (3)

This notat ion is useful when we decompose group graph D
into pairwise edge-disjoint subgraphs D1, . . . , Dk such that
D = # jDj . I t is easy to see that ,

c(χ|D) %
X

j

c(χ|Dj ). (4)

When it is clear from the context , we write c(χ|E) to denote
c(χ|D) where E is the edge set of D.

Wealso usea similar notat ion for path cover. For any path
cover P on group graph D, we write øw(P |D) to emphasize
that it is the total weight of the edges of D uncovered by P .
Let the group graph D be decomposed into vertex-disjoint
(induced) subgraphs D1, . . . , Dk, where D = # jDj . Let
C = { e & E : . j e /& Dj )} be the set of edges that are not
in any of the parts D1, . . . , Dk. Let w(C) =

P
e∈C w(e) be

the total weight of C. Let Pj be any path cover on each Dj

with weight øw(Pj |Dj ). Then, P = # jPj is a path cover on
D with weight ,

øw(P |D) =
X

j

øw(Pj |Dj ) + w(C). (5)

Having deÞned the necessary notat ion, we give a lower
bound on the cost of any valid coloring, including the opt i-
mum.

Lemma 5. Let D = (V, E) be the group graph of an in-
teraction sequence H . Let χ be a valid coloring of H . Then,
there exists a path cover P on D such that

c(χ|D) % µ2 á øw(P |D),

where µ2 = min
ù
α, β1,

β2
2

ø
.

Proof. We show this by induct ion on the number of
edges |E|. We consider the following three cases.

Case 1: D is not (weakly) connected. Then, D can be de-
composed into connected components D1, . . . , Dk for some
k % 2. Since |E(Dj )| < |E| for all j, there exists a path cover
Pj on each Dj such that c(χ|Dj ) % µ2 á øw(Pj |Dj ) holds, by
induct ion. By inequality (4) and induct ion,

c(χ|D) %
X

j

c(χ|Dj ) % µ2

X

j

øw(Pj |Dj ).

Let P = # jPj be the path cover of D. Since there are no
edges going between DjÕs, equat ion (5) amounts to øw(P |D) =P

j øw(Pj |Dj ) and the desired result follows,

c(χ|D) % µ2

X

j

øw(Pj |Dj ) % µ2 á øw(P |D).

Case 2: D is (weakly) connected and not monochromatic.
Consider the part it ion of V induced by the coloring χ. That
is, each part in the part it ion is the set of vert ices of each
color in χ. I f D is not monochromat ic, then χ part it ions V

into parts V1, . . . , V$, for some ' % 2, where Vj is the set of
groups colored j. Let Dj = D[Vj ] be the induced subgraph
of D corresponding to the monochromat ic part j.

Let C be the set of edges that are not in any of the sub-
graphs Dj . We observe that , for each such edge (g, h) & C,
the groups g and h have di" erent color in χ since they belong
to di" erent parts. By a similar argument as in the proof of
Lemma 2, each individual i & λ(g, h) must incur the cost of
at least µ1 % µ2. Thus, c(χ|C) % µ2 áw(C).

Since |E(Dj )| < |D| for all j, there exists a path cover
Pj on each Dj such that c(χ|Dj ) % µ2 á øw(Pj |Dj ) holds,
by induct ion. Let P = # jPj be the path cover on D. By
inequality (4), induct ion, and the above observat ion about
c(χ|C), we obtain,

c(χ|D) %
X

j

c(χ|Dj ) + c(χ|C)

% µ2

X

j

øw(Pj |Dj ) + µ2 áw(C).

Now the desired result follows from equat ion (5),

c(χ|D) % µ2

X

j

øw(Pj |Dj ) + µ2 áw(C) = µ2 á øw(P ).

Case 3: D is (weakly) connected and monochromatic. Sup-
pose for the moment that D has some edges. Let (g, h) be
one of the shortest edges in D in the sense that g and h
were observed closest in t ime. Let h1, . . . , hd be the out -
neighbors of g in increasing order of t ime, and g1, . . . , ge be
the in-neighbors of h in decreasing order of t ime. Note that
g = g1 and h = h1.

I f g has more than one out -neighbor, we consider each
individual i & # j≥2λ(g, hj). I f i switches color at any point
between the t ime that group g was observed and the t ime
that group hj was observed, then i incurs α, which we map
to (g, hj ). Otherwise, either i visit s both groups g and hj ,
or i is absent from group h (since g, h, hj have the same
color). In the former case, i incurs 2β2, half of which we
map to (g, hj). In the lat ter case, i incurs β1, which we map
to (g, hj ). In all cases, each i & λ(g, hj ) maps the cost of at
least min {α, β1, β2} % µ2 to (g, hj ). I f h has more than one
in-neighbor, a similar argument also works for individuals
i & # j≥2λ(gj , h).

Let C = { (g, hj)} # { (gj′ , h)} be the set of edges going
out from g and coming into h. The above argument gives a
lower bound c(χ|C) % µ2 áw(C \ { (g, h)} ) % µ2 áw(C). We
remove the edges in C from D. Let D′ = (V, E \ C) be the
result ing graph. Since (g, h) & C, |E(D′)| < |E| and exists
a path cover P ′ on D′ such that c(χ|D′) % µ2 á øw(P ′|D′),
by induct ion. We join the path in P ′ ending at g with the
path in P ′ start ing at h. The result is a path cover P on D.
Using inequality (4), induct ion, and the above lower bound
on c(χ|C), we obtain,

c(χ|D) % c(χ|D′) + c(χ|C) % µ2 á øw(P ′|D′) + µ2 áw(C).

Now the desired result follows from equat ion (5),

c(χ|D) % µ2 á øw(P ′|D′) + µ2 áw(C) = µ2 á øw(P ).

I t remains to show Case 3 for D without any edges. Since
D is connected, D is a vertex. Let the path cover P be the
ent ire graph D. Thus, c(χ|D) % øw(P |D) = 0 t rivially holds.

Therefore, the lemma follows.

Now we give theperformance guaranteeof Algorithm PCC.



Theorem 6. Algorithm PCC is a ρ2-approximation where

ρ2 =
2α
µ2

= max
!

2,
2α
β1

,
4α
β2

"
, µ2 = min

!
α, β1,

β2

2

"
.

Proof. The theorem follows from the lower bound from
Lemma 5, applicat ion of inequality (3), and the upper bound
from Proposit ion 4. The argument is similar to the proof of
Theorem 3.

4. PRACTICAL ISSUES
In this sect ion, we discuss the applicat ions and scalability

of Algorithm PCC.

4.1 Dynamic Programming
Weobserve that theonly input to Algorithm PCC isan in-

teract ion sequence, it produces the same coloring regardless
of the values of α, β1, β2. In part icular, if we Þx β1, β2 and
increase α, there is a point at which no individual switches
color in the opt imal coloring. When α is higher than this
point , increasing α does not change the cost of the opt imal
coloring. However, the cost by Algorithm PCC increases
linearly in α. Nevertheless, there is a simple way to im-
prove the algorithm. In part icular, we use Algorithm PCC
to color the groups, then use the Dynamic Programming to
color the individuals [37]. In fact , since we discard the color
cost , the t ime complexity the Dynamic Programming algo-
rithm is improved from Þxed-parameter t ractable# (nTc22c)
to polynomial # (nTc2), where c the number of colors.

4.2 I terative Path Cover Heur istic
One problem arises when we apply the Dynamic Program-

ming. In part icular, A lgorithm PCC may produce a color-
ing which uses a large number of colors. This increases the
complexity of the Dynamic Programming above. We use a
simple heurist ic to recolor two paths that are not overlap-
ping in t ime with the same color. Due to space limitat ions,
we very brießy describe Algorithm IterativePathCover-
Communities (IPCC) in the following.

We start each iterat ion with a path cover P which is ini-
t ially set to be the t rivial path cover in which each path
contains a single vertex. We create another group graph
D′ whose vert ices correspond to the paths in P . Then, we
create an edge in a similar manner as in Algorithm 1. We
set the edge weight w(P, Q) to be the number of individ-
uals that the last group (vertex) of P and the Þrst group
(vertex) of Q have in common. Then, we Þnd a minimum
weight path cover P ′ on D′. Then, we set P = P ′ and iter-
ate. We stop when the const ructed group graph D′ contains
no edges. Finally, we produce a coloring in the same way as
before. We note that the Þrst iterat ion is the same as PCC.
Thus, the coloring produced at the end of the Þrst iterat ion
has cost at most ρ2 t imes of the opt imum. From the second
iterat ion onward, we combine two communit ies that do not
overlap in t ime, thus, incurring no addit ional costs. Thus,
we intuit ively see that the coloring produced at the end is
also at most ρ2 t imes of the opt imum. We omit the formal
proof of this claim for brevity.

5. EXPERIMENTAL RESULTS
We showed theoret ically that Algorithms MC and IPCC

are e! cient and guarantee a good approximat ion. In this
sect ion, we evaluate numerically the performance of Algo-
rithm IPCC. To Þnd a path cover, we use a commercial

package solver (CPLEX) to solve an integer program. After
IPCC produces a coloring of the groups, we run the Dy-
namic Programming to color the individuals. We ran this on
several data sets, namely, GrevyÕs zebra, Haggle, Onagers,
Plain zebra, Reality Mining, and the Southern Women. Ta-
ble 1 shows size stat ist ics of the data sets.

Data Set individuals ti mes groups
GrevyÕs zebra 27 44 75
Haggle-264 264 425 1411
Haggle-41 41 418 2131
Onagers 29 82 308
Plain zebra 2510 1268 7907
Reality Mining 96 1577 3958
Southern Women 18 14 14

Table 1: Statistics of the data sets

On each data set we Þnd the opt imal solut ion either by ex-
haust ive search or by est imat ing the lower bound on the op-
t imum using a branch-and-bound algorithm (we omit thede-
tails of the algorithm due to space limitat ions). We compare
the solut ion obtained by the IPCC algorithm to this bench-
mark both numerically and, where possible, st ructurally.
For each cost set t ing, we compare the theoret ical approx-
imat ion rat io of ρ2 to the actual rat io of the cost of the
algorithm to the opt imum (shown in parentheses in all the
results tables). Note, that the coloring cost of the algorithm
does not change when β2 changes since the algorithm incurs
only α costs. Table 2 shows the performance result s of PCC
and IPCC algorithms on all data sets.

5.1 Social Network Data Sets

5.1.1 Southern Women
Southern Women [9] is a data set collected in 1933 in

Natchez, TN, by a group of anthropologists conduct ing in-
terviews and observat ions over a period of 9 months. I t
t racks 18 women and their part icipat ion in 14 informal so-
cial events such as garden part ies and card games. The data
set has been extensively studied, and used as a benchmark
for community ident iÞcat ion methods [16].

5.1.2 Grevy’s Zebra
The GrevyÕs zebra (Equus grevyi) data set [36] was ob-

tained by observing spat ial proximity of members of a ze-
bra populat ion over three months in 2002 in Kenya. Prede-
termined census loops were driven approximately twice per
week. Individuals were ident iÞed by unique st ripe pat terns,
and their locat ions taken by GPS. In the result ing data set ,
individuals are in the same group if their GPS locat ions are
very close. The data set contains 28 individuals interact ing
over a period of 44 t ime steps. Many of the individuals are
missing in many t ime steps.

5.1.3 Plains Zebra
Similar to the GrevyÕs zebra data set , the Plains zebra

(Equus burchelli) data set [13] was collected in Kenya by
visual scans of the populat ions, typically once a day, over a
period of several months.

5.1.4 Onagers
Another data set obtained by observing spat ial proxim-

ity of onagers (Equus hemionus khur) in the Lit t le Rann of



Kutch desert in Gujarat , India [36]. The populat ion of 29
onagers was observed from January to May in 2003.

5.2 Bluetooth Devices

5.2.1 Reality Mining
The Reality Mining experiment is one of the largest mo-

bile phone projects at tempted in academia. These are the
data collected by MIT Media Lab at MIT [11]. They have
captured communicat ion, proximity, locat ion, and act ivity
informat ion from 100 subjects at MIT over the course of the
2004-2005 academic year.

5.2.2 Haggle Project - IEEE Infocom Conference
The Haggle Infocomm dataset consists of social interac-

t ions among at tendees at an IEEE Infocomm conference in
the Grand Hyat t Miami [34]. There were two sets of part ic-
ipants. One consisted of 41 part icipants and the durat ion of
the conference was 4 days. The other experiment had 264
part icipants. The t ime quant izat ion period was 10 minutes.

α, β1, β2 Opt imum ρ2 PCC IP CC+ DP

G
re

v
y

Õs

1,1,3 ! 56 4 106 (1.89) 76 (1.39)
1,1,2 ! 56 4 106 (1.89) 76 (1.36)
1,1,1 ! 51 4 106 (2.08) 69 (1.35)
2,1,1 ! 59 8 212 (3.59) 98 (1.66)
3,1,1 ! 59 12 318 (5.39) 109 (1.85)

H
g-

26
4

1,1,3 ! 2030 4 3347 (1.65) 2442 (1.20)
1,1,2 ! 2030 4 3347 (1.65) 2442 (1.20)
1,1,1 ! 1015 4 3347 (3.30) 2194 (2.16)
2,1,1 ! 1015 8 6694 (6.60) 3111 (3.06)
3,1,1 ! 1015 12 10041 (9.89) 3700 (3.65)

H
g-

41

1,1,3 ! 1013.0 4 1547 (1.53) 1218 (1.20)
1,1,2 ! 1013.0 4 1547 (1.53) 1218 (1.20)
1,1,1 ! 506.5 4 1547 (3.05) 1158 (2.29)
2,1,1 ! 506.5 8 3094 (6.11) 1700 (3.36)
3,1,1 ! 506.5 12 4641 (9.16) 2101 (4.15)

O
n

ag
er

s 1,1,3 ! 125 4 282 (2.26) 192 (1.54)
1,1,2 ! 125 4 282 (2.26) 192 (1.54)
1,1,1 ! 125 4 282 (2.26) 175 (1.43)
2,1,1 ! 121 8 564 (4.66) 255 (2.11)
3,1,1 ! 121 12 846 (6.99) 298 (2.46)

P
la

in
s

1,1,3 ! 44925.0 4 85630 (1.91) 45785 (1.02)
1,1,2 ! 44925.0 4 85630 (1.91) 45785 (1.02)
1,1,1 ! 22462.5 4 85630 (3.81) 45785 (2.04)
2,1,1 ! 22462.5 8 171260 (7.62) 55578 (2.47)
3,1,1 ! 22462.5 12 256890 (11.44) 58928 (2.62)

R
ea

li
ty

1,1,3 ! 12498.0 4 21374 (1.71) 17066 (1.36)
1,1,2 ! 12489.0 4 21374 (1.71) 17066 (1.36)
1,1,1 ! 6244.5 4 21374 (3.42) 14943 (2.39)
2,1,1 ! 6244.5 8 42748 (6.85) 19792 (3.17)
3,1,1 ! 6244.5 12 64149 (10.27) 22147 (3.55)

S
W

1,1,3 48 4 78 (1.62) 50 (1.04)
1,1,2 48 4 78 (1.62) 50 (1.04)
1,1,1 36 4 78 (2.17) 43 (1.19)
2,1,1 41 8 156 (3.80) 50 (1.22)
3,1,1 42 12 234 (5.57) 53 (1.26)

Table 2: Performance of PCC and IPCC with the
Dynamic Programming.

5.3 Color ing Results
In this sect ion, we show visualizat ions of the actual st ruc-

ture of the colorings of the Southern Women data set , pro-
duced by our algorithms under the cost set t ing (α, β1, β2) =
(1, 1, 1). Figure 3 shows the colorings produced by three al-
gorithms. Note, that the overall st ructure of dynamic com-
munit ies remains very similar despite the di" erence in the
costs of the colorings. Thus, qualitat ively the algorithm in-
fers communit ies that are close to the opt imal.

6. CONCLUSIONS
We cont inue our line of research on ident ifying commu-

nit ies in dynamic networks started in [37]. We general-
ize the formulat ion of the Minimum Community Inter-
pretation problem and present two approximat ion algo-
rithms: the Þrst approximates the special case with no miss-
ing data and the other approximates the general case. We
analyze the performance guarantee of the algorithms. The
proposed algorithms are the Þrst rigorous computat ional
solut ions to the Minimum Community Interpretation
problem in dynamic networks with provable performance
guarantees. While the theoret ical analysis guarantees a con-
stant factor approximat ion, in pract ice the best implemen-
tat ion of our algorithm Þnds solut ions very close to the op-
t imum numerically, and even closer st ructurally. Moreover,
both algorithms completed in less than 2 minutes on net -
works of several thousand individuals. Thus, our algorithms
can be used in pract ice to infer communit ies in dynamic
social networks.
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(c) the optimal coloring of total cost 36
produced by exhaustive search

Figure 3: Three colorings of the Southern Women data set with cost setting α = β1 = β2 = 1. In each figure,
each row represents a time step, time flows from top to bottom. The rectangles represent groups in the
interaction sequence. Contained in each rectangle are circles representing the individual members of the
group. If the circle is different color from the group then the individual is paying a visiting cost. Diamonds
represent individuals who are unobserved at the time. Red empty rectangles surrounding a diamond indicate
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